We consider Feller semigroups with jump intensity dominated by that of the rotation invariant stable Lévy process. Using an approximation scheme we obtain estimates of corresponding heat kernels.
Introduction and Preliminaries
Let p(t, x, y) be the transition density of the rotation invariant α-stable Lévy process on R d with the Lévy measure (1) ν(dy) = dy |y| α+d , y ∈ R d \ {0}.
Here α ∈ (0, 2) and d = 1, 2, . . . It is well-known (see, e.g., [1] ) that p(t, x, y) ≈ min t −d/α , t |y − x| α+d , t > 0, x, y ∈ R d .
The upper bound p(t, x, y) ≤ c min{t −d/α , t|y − x| −α−d }, holds for every symmetric stable Lévy process whose Lévy measure is bounded above by a constant multiple of ν (see [9] ). More diverse asymptotic results for stable Lévy processes were given in papers [24] and [3] . In particular if for some γ ∈ [1, d] Similar results hold for other Lévy and Markov processes. Estimates of transition densities for tempered stable processes are given in [22] . The case of stable-like and mixed type Markov processes was investigated in [5] and [6] by Z.-Q. Chen and T. Kumagai. K. Bogdan and T. Jakubowski in [2] obtained estimates of heat kernels of the fractional Laplacian perturbed by gradient operators. Derivatives of stable densities have been considered in [19] and [21] .
Our main goal are the heat kernel estimates for a class of stable-dominated Feller semigroups. The name stable-dominated refers to the inequality (A.1).
Let f :
be a Borel function. We consider the following conditions on f .
(A.1) There exists a constant M > 0 such that f (x, y) ≤ M |y − x| α+d , x, y ∈ R d , y = x.
(A.2) f (x, x + h) = f (x, x − h) for all x, h ∈ R d , or α < 1.
(A.4) There exists a > 0 such that
We denote
It follows from (A.1) that there exists a constant A > 0 such that
Thus, (A.4) is a partial converse of (A.1) and we have
denotes the set of k times continuously differentiable functions with compact support and
is the set of continuous functions vanishing at infinity. We use c, C (with subscripts) to denote finite positive constants which depend only on the constants α, M, a, and the dimension d. Any additional dependence is explicitly indicated by writing, e.g., c = c(n). The value of c, C, when used without subscripts, may change from place to place. We write f (x) ≈ g(x) to indicate that there is a constant c such that
. Assuming (A.1) and (A.2) we may consider the operator
We record the following basic fact (we postpone the proof to Section 2).
In the following we always assume that the condition (A.1) is satisfied. For every ε > 0 we denote
and
We note that the operators A ε are bounded since
is well-defined and bounded:
In fact for every ε > 0 the family of operators {e tAε , t ≤ 0} is a semigroup on
We note that e tAε is positive for all t ≥ 0, ε > 0 (see (7)).
Our main result is the following theorem. 
We will prove Theorem 1 in Section 2 after a sequence of lemmas. To study a limiting semigroup we will use additional assumptions.
(A.6) A regarded as an operator on C ∞ (R d ) is closable and its closurē A is a generator of a strongly continuous contraction semigroup of operators
We note that the operator A satisfies the positive maximum principle, In Section 2 we prove the following theorem.
for some constant C > 0.
We note that A is conservative meaning that for
We recall that every generator G of a Feller semigroup, such that C
has real coordinates, c(x) ≥ 0, and ν(x, ·) is a Lévy measure. This description is due to Courrége, see [16, Chapter 4.5] .
The problem whether a given operator G generates a Feller semigroup is not completely resolved yet. For the interested reader we remark that criteria are given, e.g., in [12, 13, 14, 15, 17] . Generally, smoothness of the coefficients q, l, c, ν in (5) is sufficient for the existence . In particular the next lemma follows from Theorem 5.24 in [11] (see also Theorem 4.6.7 in [18] ). We omit the proof as it is a straightforward verification of the assumptions given there. 
Then A has an extension that generates a Feller semigroup, i.e., the condition (A.6) is satisfied.
For the stable -like case more recent results are given by R. Schilling and T. Uemura in [20] . In particular it follows from Corollary 6.4 in [20] 
for |y −x| > 1 and some γ > 0, and the function (x, y) → log f (x, y)/ log |y − x| is Lipschitz continuous, then A generates a Feller semigroup.
Z.-Q. Chen and T. Kumagai in [5] and [6] investigate the case of symmetric jump-type Markov processes on metric measure spaces by using the Dirichlet form. They prove the existence and obtain estimates of the densities (see Theorem 1.2 in [6] ) analogous to (4) . The jump kernels in [5] and [6] are assumed to be comparable with certain rotation invariant functions. In Theorem 2 we assume the estimate (A.1) from above but we use (A.4) as the only estimate for the size of f from below. This is the main novelty as far as the class of jump kernels is considered. We also propose a new technique of estimating the semigroups {e tAε , t ≥ 0}, which may be of more general interest. We note that an alternative approximation scheme is given in [4] . We also note that the estimate (4) can not be generally improved as seen in the case of Lévy processes (see [3] , [24] , [22] ). In fact, ifν(dy) = g(y/|y|)|y| −α−d dy and g is continuous on the unit sphere S we have lim r→∞ r d+α p(1, 0, rθ) = cg(θ), θ ∈ S. If g(θ) = 0 then lim r→∞ r d+2α p(1, 0, rθ) = c θ > 0, as proved by J. Dziubański in [7] .
Approximation
We first observe that
This yields that
A consequence of (7) is that we may consider the operator Γ ε and its powers instead of A ε . The fact that Γ ε is positive enables for more precise estimates.
For n ∈ N we define
where we let f 1,ε = f ε . By induction and Fubini-Tonelli theorem we get
Lemma 3 For all ε > 0, x ∈ R d , and n ∈ N we have
Proof. We use induction. For n = 1 we have (9) from the definition of Γ ε . Let us assume that (9) holds for some n ∈ N. Using Fubini's theorem we get
The following lemma is a key observation in our development. The significance of the inequality (10) 
Proof. We fix x, y ∈ R d and let φ(z) = |y − x| α+d |z − x| −α−d , |z − x| > 0. We have φ(y) = 1,
This yields (12) sup
z∈B(y,κ|y−x|), j,k∈{1,...,d}
for every κ ∈ (0, 1). Using the Taylor expansion for φ, (11) and (12) in the second inequality below, (A.1) and (A.2) in the third, and (A.4) in the forth we obtain B(y,κ|y−x|)
for sufficiently small κ = κ(α, d). This yields B(y,κ|y−x|)
We can now obtain estimates of f n,ε (x, y). The first one is an adequate description of the decay rate at infinity while the next two give global bounds.
Lemma 5 If (A.1) -(A.4) hold then there exists a constant C such that
Proof. We use induction. For n = 1 the inequality (13) holds with C = M. Let κ ∈ (0, 1) be such that (10) is satisfied. We will prove that (13) = I + II.
By (A.1) and (8) we get
By the symmetry of f (see (A.3)), induction and Lemma 4 we obtain
We get
Lemma 6 Assume (A.1), (A.3) and (A.4). Then there exists C such that
Proof. For n = 1 by (A.1) and (A.4) we have
, and so (14) holds with C = Ma −d/α−1 . Let (14) holds for some n ∈ N with C = Ma −d/α−1 . By induction and the symmetry of f ε we get
Lemma 7 If (A.1), (A.3) and (A.4) are satisfied then there exists C such that
Proof. We may choose n 0 ∈ N such that
for every n ≥ n 0 . For n ≤ n 0 by Lemma 6 we have
which yields the inequality (15) with C = c 1 n d/α 0 in this case. For n ≥ n 0 we use induction. Let
We assume that (15) holds for some n ≥ n 0 with C = max(c 1 n
By (A.1), (A.4) and (8) we get
By induction, the symmetry of f ε , (2) and (A.4) we obtain
By (16) we also have
where the second inequality follows from (2), (A.4) and (17) .
Using the above lemmas we may estimate Γ n ε and in consequence also the exponent operator e tAε = e −tbε e tΓε .
Lemma 8 Assume (A.1) -(A.4). There exists a constant
Proof. By Lemma 3 and Lemma 5 for every ϕ such that x ∈ supp(ϕ) we get The following lemma seems to be known. We include here the proof for reader's convenience.
Lemma 9 For every
Proof. For p ∈ [0, 1] we have by Jensen's inequality 
and by (19) we obtain e tAε ϕ(x) ≤ e −tbε c ϕ(y) dy
, and x ∈ R d . Using Lemma 8 for 1 B(x,t 1/α ) c ϕ and Lemma 10 for 1 B(x,t 1/α ) ϕ we obtain
We prove now that the continuity of the jump intensity f (x, y) yields a regularity of A ε .
Lemma 11 If (A.5) holds then for all ε > 0 the operator A ε maps
Proof. Let ϕ ∈ C ∞ (R d ) and η > 0. We choose r > 0 such that |ϕ(y)| ≤
for |y| ≥ r, and using (A.1) and (2), for |x| > r we get
, and all y ∈ R d we have
By the continuity of x → f (x, y) and the dominated convergence theorem we get
We note that the operators A ε approximate A. 
